We present a comprehensive analysis of the spacetime structure and thermodynamics of (1 + 1)−dimensional black holes in a noncommutative framework. It is shown that a wider variety of solutions are possible than the commutative case considered previously in the literature. As expected, the introduction of a minimal length √ θ cures singularity pathologies that plague the standard two-dimensional general relativistic case, where the latter solution is recovered at large length scales. Depending on the choice of input parameters (black hole mass M , cosmological constant Λ, etc...), black hole solutions with zero, up to six, horizons are possible. The associated thermodynamics allows for the either complete evaporation, or the production of black hole remnants.
Introduction
There has been a renewal of interest in lower-dimensional gravity models, motivated by the idea of dimensional reduction at high energies. Causal dynamical triangulation (CDT) approaches suggest that, at the shortest distance scales, spectral physics reduces to a fractal structure of dimension d = 2 [1, 2, 3] . This would indicate a possible renormalizable character of gravity in its quantum regime, as recently shown by implementing an effective minimal length in a spacetime manifold [4, 5, 6] . Such a paradigm leads to a background-independent framework for emergent spacetime [7] .
Alternatively, a very recent proposal conjectures a framework whereby spatial dimensions vanish at fixed transition energies Λ i , at which the universe reduces from d = i dimensions to d = i − 1 [8, 9] . If the scales Λ i ≥ 1 TeV, it may be possible to detect such radical behavior in parton collisions at the LHC, where the jet structure will adopt a planar characteristic. Quantum black hole production in the reduced (1 + 1)-spacetime may also be detectable through precision measurement of branching ratios [10] . A particularly novel test of such vanishing dimensions relies on the detection of a gravitational wave "horizon" at the millihertz scale [11] . Scales above this threshold reflect the universe in its (2 + 1)−dimensional phase, in which gravity does not have the available degrees of freedom to produce waves.
We thus explore the consequences of introducing a noncommutative structure to a two-dimensional spacetime.
Noncommutative Geometry
Noncommutative geometry (NCG) is the underlying theory which has inspired a lot of recent work at the frontier between black hole physics and quantum gravity [12] . On the formal side NCG implies a modification of the conventional algebra of quantum operators, assuming that coordinate operators might fail to commute. The simplest noncommutative relation one can postulate is
where X µ is the position operator, θ µν is a constant antisymmetric tensor with determinant θ ≡ |θ µν |, having units of area. However the physical premise of NCG rests in the existence of a minimal length, beyond which coordinate resolution is ambiguous. From the above relation (1) , one may conclude √ θ is the minimal length. Even if the value of the minimal length √ θ is not set by (1) , on physical grounds we can think √ θ to be the Planck length or very close to it, i.e. √ θ ∼ 10 −33 cm. The tininess of this scale would imply that NCG can be probed only in extreme energy phenomena. On the other hand, in the present of extradimensions, the new fundamental scale M f can be closer to current particle physics experiments: in the light of Cavendish experiment data about possible deviations of Newton's law we can set 1/ √ θ ∼ M f ∼ 1 TeV [13, 14] . In spite of this consistent mathematical assumption and the physically sound motivation, NCG is hard to implement in the context of gravity. Indeed the formulation of noncommutative gravity, the theory of gravitation in terms of noncommutative coordinates, is far from being complete. Noncommutative gravity is dual to a theory in which the conventional product among vielbein fields is replaced by a nonlocal Weyl-Wigner-Moyal ⋆-product [15, 16] . Modifications to the Einstein-Hilbert action due to the ⋆-product are obtained by expanding the nonlocal product in powers of θ [17] . However at any truncation of the expansion at a given order, one finds corrections which are unable to cure the conventional bad short distance behavior of black hole spacetimes [18, 19, 20, 21] . Against this background, there exists the possibility of adopting an effective approach, by focusing on the specific feature of noncommutative smearing: in the absence of a resolution beyond the minimal length √ θ, a pointlike object is no longer meaningful in a noncommutative background. It has been shown that the sharpest distribution which faithfully described a localized object is no longer a Dirac delta, but a Gaussian, whose width coincides with √ θ
where n is the manifold dimension [22, 23, 24, 25, 26] . In addition one can show that primary corrections to gravity field equations in the presence of a noncommutative smearing can be obtained by replacing a pointlike source term (matter sector) with a Gaussian distribution, while keeping formally unchanged differential operators (geometry sector) [27] . More specifically this is equivalent to saying that the only modification occurs at the level of the energy-momentum tensor, while the Einstein tensor is formally left unchanged. Recently it has been shown that Einstein gravity coupled to an effective energy momentum tensor of this kind is dual to a ultraviolet complete quantum gravity in which a nonlocal Einstein-Hilbert action is coupled to ordinary matter source terms [28] . As a consequence the Gaussian profile f ( x) is the result of the action of a nonlocal operator e θ on the Dirac delta function,
For the static spherically symmetric case one has to solve Einstein equations with "smeared" energy density profile ρ θ ( x) = Mf ( x) and non-vanishing pressure terms, i.e.,
which describes a self-gravitating anisotropic fluid. The condition T r r = −T 0 0 guarantees the usual Schwarzschild symmetry in the metric coefficients g 00 = −g −1 rr , while tangential pressures are determined via the divergence-free condition ∇ ν T µν = 0. As a result one finds the noncommutative geometry inspired Schwarzschild line element [29] 
where Γ(3/2) = √ π/2 and
We note that for r ≫ √ θ the ratio γ/Γ → 1 and (5) reproduces the Schwarzschild geometry. On the other hand for r ≪ √ θ the ratio γ/Γ ∼ r 3 and (5) turns out to be an everywhere regular geometry with a deSitter core in place of the curvature singularity at the origin. Additional black hole solutions have been examined for NCG, including charged [30] , rotating [31] , charged-rotating [32] , dirty [33] and Schwarzschild-deSitter [34] cases. In the presence of extradimensions further solutions have been determined both for the neutral [35] , charged [36] , rotating and charged-rotating cases [32] . All these improved spacetimes show that NCG can incorporate model independent characters which are expected in several quantum gravity modifications of spacetime geometries [37, 38, 39, 40, 41, 42, 43, 44, 45] .
A (1+1)-Dimensional Black Hole Framework
Prior research in lower-dimensional gravity has led to breakthroughs in quantum gravity (for a literature review, the reader is directed to [46, 47, 48, 49, 50, 51, 52, 53, 54, 55, 56] ). Since the Ricci tensor is a topological invariant in two-dimensional spacetime, the corresponding action must be different than Einstein-Hilbert. It is generally most common to introduce to the action a dilaton field, which yields a set of field equations coupled to the field's evolution.
Perhaps the simplest extrapolation of Einstein gravity in (1+1)-dimensions can be extracted from the general action [52, 53] 
where R is the Ricci, ψ is a scalar dilatonic field and L m is the matter Lagrangian. The variation with respect to ψ gives
while that with respect to g µν gives
where the stress-energy tensor is
By tracing (9), the dilaton ψ decouples from Einstein equations, simplifying (8) to the standard Liouville gravity form R − Λ = 8πGT (11) where T = T µ µ . By prescribing the energy momentum tensor T µν one gets a variety of solutions with nontrivial horizon structure. For instance, in the case of a static source representing a point particle at the origin the energy density
1 The general representation of the Dirac delta in a arbitrary coordinate system q i requires the inclusion of a term depending on the Jacobian, i.e., δ(q 1 , q 2 , . . . ) = [50] ignored the Jacobian in describing the point like static source to simplify Einstein equations. This is based on the fact that J is everywhere finite and asymptotically approaches the unit. As a result the absence of J does not modify the main features of the solution at least at the leading order.
where the parameter M corresponds to the ADM mass, while the pressure is p = 0. For the generic line element
the equations of motion (11) read
Assuming a linearly-symmetric solution about the origin (α = α(|x|)), this becomes
where prime denotes d/d|x|. If α is continuous then one is led to the consistency condition 2α ′ = 4M at x = 0. It can be shown [52] that the solution is α(x) = 1 2
Λx 2 + 2M|x| − C, and so the two-dimensional metric is
The constants M, Λ and C are arbitrary, and their values determine several distinct classes of solutions and relative causal structures [57] . The sign convention for Λ = ±|Λ| is deSitter (−) and anti-deSitter (+). For M > 0 the above metric describes the 2-dimensional analogue of a Schwarzschild black hole [50] . If Λ = 0 we have an outer |x| > and a inner |x| < horizon at
only if 2M 2 > CΛ. For 2M 2 = CΛ, we have a single degenerate horizon at |x| 0 = 2M/Λ, which exists only if M and Λ have the same sign. For Λ = 0 we have just one horizon at
which exists only if M and C have the same sign. The Hawking temperature of the two-dimensional black hole solution can be calculated via the usual Wick rotation (16),
The periodicity of α yields the standard temperature at the horizon |x| > and C = 0 and Λ = 1, is a special case with two horizons, one of these at the origin.
where the latter equality follows upon using (16) . Note that unlike the standard (3+1)-and higher dimensional cases, the temperature varies linearly with mass [50] . We also note that the degenerate case with a single horizon, i.e., |x| 0 = 2M/Λ actually corresponds to a zero temperature extremal configuration. We should better say that the latter is the equilibrium configuration between the thermalizing effect of the black hole and the background cosmological bath. In this scenario the hot horizon |x| > by emitting radiation, shrinks, reaches the final equilibrium where its evaporation stops, i.e., |x| 0 and leaves a stable remnant with mass M 0 = ± |ΛC|/2. On the contrary for Λ = 0, we have simply
and the evaporation ends up by exhausting the mass M. For later convenience we write the temperature as a function of |x| > as
which is defined for |x| > ≥ |x| 0 and vanishes for |x| > = |x| 0 = 2|C/Λ|. An alternate class of two-dimensional black hole solutions can be obtained from the CGHS formalism (see e.g. [58, 59, 60, 61] ), whose action is of the form
which is a functional of the metric g ab , a dilaton field φ, and a (scalar) matter field f . The constants G and κ are the two-dimensional equivalents of Newton's constant and the cosmological constant. The decoupling of the matter field from the dilaton and curvature tensor allows aspects of the theory to depend entirely on the behavior of f . Unlike the action considered herein, the CGHS black hole is not a formally-geometric construct, but instead arises from the dynamics of the interacting fields. In particular, the gravitation collapse behavior of f induces the the associated black hole solutions on the spacetime manifold. The similarity of the above action to a four-dimensional analog indicates that CGHS black hole solutions can yield valuable information about the classical collapse and quantum evaporation behavior of their higher-dimensional counterparts [60, 61] .
A noncommutative black hole in two dimensions
Previous studies have already addressed non-commutative black holes in (1+1) -dimensions. In [62] , a radiating toy, i.e., (1+1) dimensional Schwarzschild black hole is studied to demonstrate that there exists a maximum temperature profile, as well as a non-zero mass remnant phase. Similarly, the trace anomaly stemming from coordinate fluctuations has been examined, specifically in the Polyakov action and associated two-dimensional r − t slice of a Schwarzschild-like black hole solution [25] . Here, we consider the non-commutative limit of the black hole described in [50] . Combining the prescriptions of Sections 2 and 3, we now assume the spacetime is endowed with a minimal length √ θ. We postulate the metric solution to be a variant of the form expressed in Eq. (16) , and thus will have the form
The mass distribution will be affected by the noncommutative smearing. According to the tenets of noncommutative geometry the leading modifications to the energy density are of the kind
such that the ADM mass is
where x is a Cartesian-like freely-falling coordinate. The above mass parameter represents the whole mass-energy available in the spacetime. It has an equivalent meaning of the mass used in the solution [50, 52] . However, as it happens for the noncommutative geometry inspired line element in four dimensions, different values of M determine a variety of properties of the solution. To justify the prescription (25) we follow the route of the nonlocal deformation of the action (7) by means of the operator e θ [28, 63] , i.e.,
where
with
By neglecting surface terms coming from the variation of , one gets the following equations
that can be cast in the more conventional form as
As expected the nonlocal deformations of the geometry coupled to a classical source term (30) are equivalent to a classical geometry coupled to a noncommutative smeared source term (31) . As a result we are left with the calculation of the new profile for the energy density. We temporarily switch to the Cartesian-like free-falling coordinates (x, t) for computational convenience and we write
which has almost the desired shape. The final step is to transform back to the original coordinates (x, t) → (x, t). However, if α θ (x) is a regular function at the leading order one still finds
where dots stand for subleading corrections in curvature tensors. We can conclude that within the approximations in which noncommutative geometry works the Gaussian profile replaces the Dirac delta function. With this fluid type energy density profile we must consider the correct form for the pressure term in order to have a conserved energy momentum tensor. For a perfect fluid one can write
In case of a fluid at rest in a time-like region we have u 0 = 1/ α θ (x) and u 1 = 0 and (9)
The field equation above must be solved in conjunction with the equation of hydrostatic equilibrium dp dx
which follows from the covariant conservation of T µν when p = p(x) and ρ θ = ρ θ (x). Since ρ θ is specified one can insert (39) into (31) and geẗ
whereα ≡ dα/dp. The above equation can be solved for p(x), which in turn allows one to solve for α. Requiring a symmetry solution about x = 0, one can formally write
The solution of the above equation is hard to get in analytical exact form. However we know that at large distances, i.e., |x| ≫ √ θ, the energy density is vanishing, ρ θ ≈ 0, while at small scales, i.e., |x| ≪ √ θ, it is a constant,
. In addition if we write (31) in terms of |x| we get
If α is continuous then one is led to a new consistency condition α ′ = 0 at x = 0. Thus (39) is solved if p(x) ≈ 0. The pressure is nonzero only in an intermediate region between the small and the large scale regime and provides the outward stress which prevents the Gaussian energy profile to collapse in a Dirac delta. Since the effects of noncommutative geometry are relevant at short scales and the region for which p(x) is nonzero is limited, we can neglect it to solve (39) and (31) at the leading order.
As a consequence, we can integrate the Einstein equations (14) to get where
is the incomplete gamma function. The behaviour of γ(1/2; x 2 /4θ) is crucial. At large distances, |x| ≫ √ θ, the gamma function is γ ≈ √ π − 2 √ θ exp(−x 2 /4θ)/|x|. This means that, as expected (43) matches the usual α(x). Conversely new physics emerges at short distances. Since for |x| ≪ √ θ, the gamma function is γ ≈ |x|/ √ θ we get
This means that noncommutativity has smoothed the local profile of the solution which has a quadratic dependence on |x|, instead of a linear one. As a consequence the Ricci scalar, R = − d 2 dx 2 α(x), turns out the be everywhere finite. Concerning the study of the horizon we may wish to solve the equation α θ (x H ) = 0. However we cannot solve this equation in a closed form. It is worthwhile to write the line element as
where r = |Λ/C| x, m = √ θM/C and q = |C|/θ|Λ|. The sign − in front of when Λ/C > 0 and conversely we have + for Λ/C < 0. The parameter √ θ sets the unit of length for plots, and q gauges the extent of the region affected by noncommutative effects at length scale associated with the cosmological constant term. Indeed for q ≫ 1 one gets
which is nothing but the line element (16), with the usual horizon equation. However the actual scale which controls noncommutative effects is q|r|. We can see this by the fact that even for large q if r is small, i.e., |r| ∼ 1/q, the spacetime has a different behaviour with respect to (16) . In Fig. 2 , we have the spacetime for Λ/C > 0 and m > 0 which has a smooth behavior at the origin, giving rise to the possibility of an additional inner horizon.
For smaller values of m the curve lowers down, giving rise to a single horizon geometry and eventually to a no horizon geometry. The rich causal structure is evident from these figures. The left-most figure admits up to six horizons with an overall external spacelike structure surrounding a time-like region, an innner spacelike region, and a "core" timelike one. The figure on the far right, on the other hand, shows a global spacelike structure with a possible degenerate set of horizons at |r| ∼ 2.2.
For q ∼ 1, the cosmological parameter |Λ| starts becoming more important with respect to θ. In Fig. (3) , we see that as far m = 2.5 the curve can rise, while for smaller values, i.e., m = 0.7 the curve quickly drops down due to the influence of the cosmological term. The interplay of m and q thus determines the overall causal nature of the spacetime: for large m it is globally timelike, while for smaller m the cosmological constant term produces large-scale spacelike regions. This effect is even more evident for q = 0.5 (see Fig. 4 ). Depending on the value of the m, one has one or no horizon. As a special case when the curve intersects the r axis at r = 0, we should better speak of conical singularity rather than of a proper horizon. In any case we stress that there is no curvature singularity anywhere.
The metric admits three further combinations of signs for Λ/C and m which give rise to distinct spacetime geometries. For negative m (and Λ/C > 0), the metric does not have any horizon. Indeed starting from the value −1 − 4|m|/ √ π at r = 0, the curve keeps decreasing to further negative values (see Fig. 5 ). For negative Λ/C (and m > 0), the curve starts at r = 0 with a value −1 + 4|m|/ √ π, which can be either positive of negative, depending on the value of m. For small q the function α θ (r)/C is monotonically increasing. Only the exponential has a negative derivative which is suppressed for small q. Thus, there will be one or no horizon according to the negative of positive value at the origin. However for large q the exponential term quickly dies off producing a local decrease of the curve. As a result there may be two horizons or one horizon and a conical singularity at the origin or just a single degenerate horizon (see Fig. 6 ). As we shall see later when studying the temperature the extremal configuration for m ≈ 0.75 actually does not occur during the evaporation. This is simply the bigger value of m to have horizons. For both negative Λ/C and m, we have that the curve starts at r = 0 with a negative value −1 − 4|m|/ √ π. For small q the curve grows and one horizon occurs. For large q the curve can locally grow but can reach the r axis only one time (see Fig. 7 ).
Our analysis proceeds with the case of vanishing Λ. We can write
where m = M √ θ/C and r = x/ √ θ. For positive m, the curve starts at r = 0 with a value −1 + 4m/ √ π, which can be positive, negative or vanishing depending on the value of m. Then the curve grows giving rise to one or no horizon or eventually at a conical singularity at the origin. Conversely for negative m there is no horizon since the curve starts at a negative value and keeps decreasing (see Fig. 8 ).
For vanishing C we can write
where r = |Λ| x, m = M √ θ and q = 1/ |Λ|θ. We notice that the line element is symmetric for change of sign of both Λ and m. Thus we need to study two cases. For both positive m and Λ and q = 5, the curve starts at r = 0 with a positive value 4m/ √ π, the descends due to the exponential term at short scales, grows up for the term containing the γ and dies off quadratically at large distances due to the cosmological term − 1 2 r 2 . If we have q = 1, the γ term is negligible and the curves rapidly lowers down provided m is small. In any case we find just one horizon (see Fig. 9 ). For negative m the curve starts with a negative value at the origin. After a small increase due to the exponential term, it lowers down without intersection the r axis. Therefore there is no horizon (see Fig. 10 ).
The case Λ = C = 0 corresponds to a regular geometry in which no horizon occurs. 
Thermodynamics
The Hawking temperature of the black hole can be readily obtained from Equation (43) . The periodicity of the complexified temporal component of the metric implies the temperature is
For |x| > ≫ √ θ, i.e. in the absence of noncommutative effects, the ratio f ′ /f = 1/|x| > and (50) coincides with what found in (22) . By an explicit calculation one finds where we have ignored irrelevant signs coming from the derivation of |x| > . It is more convenient to write the above formula as
with r = |x| > / √ θ. Recalling that when studying horizons we defined q 2 = |C|/θ|Λ|, we have that for Λ/C > 0 and q = 5 the scenario is not modified with respect to the usual thermodynamics behavior. Noncommutative corrections occur in a region whose size is smaller than |x 0 | = 2C/Λ, the size of the black hole remnant, i.e. the zero temperature extremal black hole final configuration of the evaporation (see Figure 11) . As a result the remnant mass has the usual value M 0 = ± ΛC/2. On the other hand for smaller q, the size of the region influenced by noncommutative effects is larger. As a result the size of the remnant shrinks and the remnant mass decreases too. It is
For q √ 2 the scenario of the final stage of the evaporation changes: in place of the formation of a black hole remnant, the black hole completely evaporate off, giving rise to a regular manifold with a conical singularity at the origin (see Fig. 11 ).
For Λ/C < 0 we have analogue modifications: instead of a divergent temperature in the terminal phase of the evaporation the hole reaches a zero temperature configuration without leaving any remnant (see Fig. 11 ).
When Λ = 0, we have that the temperature reads
To plot this function it is useful to write
This case is particularly interesting since it is the most reminiscent of the four dimensional asymptotically flat case: as in all the previous noncommutative modified spacetimes, instead of a divergent behaviour of the temperature the black hole undergoes a terminal phase characterized by a positive heat capacity cooling down (see Fig. 12 ). As already seen in [62] , the main difference with respect to four and higher dimensional cases, the black hole completely evaporates without leaving any remnant. We note the first two solution curves in Fig. 11 are physical only for raddii larger than r 0 , at which point the evaporation stops. For smaller values of the horizon radius, the equation α θ (x) = 0 yields no real solutions (and hence no black hole is formed). Finally, we study the case C = 0. The temperature is
which can be conveniently written as
From Figure 12 , we see that there are minor modifications with respect the conventional behaviour of the temperature: again the black hole evaporates completely. The only difference is that the final configuration is a regular geometry instead of a singular one. The entropy of the black hole may be obtained from the differential equation
It is more convenient, however, to write the above relation as
where S 0 is an integration constant and |x| 0 is the minimum value of the horizon radius. Depending on the case, i.e. formation of a remnant or of a conical singularity at the end of the evaporation, |x| 0 can be larger than zero or vanishing. We start from the internal energy of the black hole, which is nothing but the mass as a function of the horizon radius
Thus
As a result the entropy reads S = S 0 + 2π
In the conventional case, i.e., for √ θ → 0, the function f (|x| > ) = |x| > . As a result one finds
Being |x| > ≥ |x| 0 = 2|C/Λ|, the above formula reduces to
where we set S 0 = 0. We notice that also in case of √ θ = 0, there exists a unique |x| 0 such that for |x| > > |x| 0 the temperature is defined, i.e., T ≥ 0 and the above sgn function equals 1 when Λ > 0. In this case |x| 0 depends in a more complicated way on Λ, C and θ. The resulting expression for the entropy formally reads S = 2π
For Λ ≤ 0 and nonnegative C the function sgn equals −1, the entropy can assume negative values. This is the sign of the presence of ectropy, a measure of the tendency of a system to do useful work and reach a more organized configuration. This fact already occurred in the case of √ θ = 0, i.e., for the conventional metrics [50] . In the absence of black hole remnants, i.e., zeros for the temperature at finite radii, the metric admits a conical singularity at the origin. As a result the entropy reduces to
where we set again S 0 = 0.
Conclusions
We have shown that the noncommutative effects in (1+1)−dimensional black hole physics provide a rich variety of spacetimes with markedly different structure, well beyond the standard case considered in previous works. With the renewed interest in lower -dimensional gravitation, such behavior is much more than just pedagogical curiosity. If spacetime really is two-dimensional above some scale that is accessible to current or near-future experiments (e.g. 100 TeV or more as suggested [11] ), the unique thermodynamics discussed herein can lead to an equally novel array of testable phenomenology. Higher-energy collisions could lead to tell-tale quantum black hole signatures that would distinctly identify the model, much in the same way as discussed in [10] . The modeldependence of (1+1)-dimensional noncommutative black hole phenomenology (e.g. in the CGHS framework) is also of possible future interest. The implications for early-universe physics is profound: promordial black hole remnants in a two-dimensional early universe can significantly affect the initial conditions for matter distribution and dark matter densities, an effect which could in principle be "etched" in the cosmic microwave background.
